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UNIFORM ALGEBRAS GENERATED BY
HOLOMORPHIC AND PLURIHARMONIC FUNCTIONS

ALEXANDER J. IZZO

Abstract. It is shown that if fx, ... , fn are pluriharmonicon B„ (the open

unitballin C) and C1 on Bn , and the nxn matrix (dfi/dlf) isinvertible

at every point of B„ , then the norm-closed algebra generated by the ball algebra

A(B„) and fx, ... , fn is equal to C{B„). Extensions of this result to more

general strictly pseudoconvex domains are also presented.

Introduction

For K a compact set in C" , let A(K) denote the subalgebra of C(K) con-

sisting of the continuous functions on K that are holomorphic on the interior

of K ._Let D denote the open unit disc in the plane. It is known that if / is

in C(D) and fi is harmonic but not holomorphic on D, then the norm-closed

subalgebra of C(D) generated by the disc algebra A(D) and / is equal to

C(D). When / is Cx on D (i.e., extends to be continuously differentiable on a

neighborhood of D), this result follows from a theorem of John Wermer [Wer].

E. M. Cirka [C] observed that Wermer's technique yields a more general theo-

rem, from which the above result can be obtained. More recently, Sheldon

Axler and Allen Shields [A-S] gave an entirely different proof of the result and

suggested generalizing the result to the setting of several complex variables. In

particular, they_posed the following question: If fx,... , fi, are in the poly-

disc algebra A(D") (or the ball algebra A(Bn)) and are independent (in some

appropriate sense), is the norm-closed algebra generated by A(D") (or A(B„))

and the complex conjugates of fi, ... , f„ equal to C(Dn) (or C(B„)) ? This

paper is devoted to attacking that question.

Section 1 deals with the ball algebra. The main result asserts that if fi, ... ,

fin are pluriharmonic on Bn (the open unit ball in C) and C1 on B„ (i.e.,

extend to be continuously differentiable on a neighborhood of B„), and the

nxn matrix (dfi/d zk) is invertible at every point of Bn , then the norm-closed

algebra generated by the ball algebra A(B„) and fi, ... , fn is equal to C(B„).

In §2, extensions of the results of §1 to more general strictly pseudoconvex

domains are presented. In §3, the situation for the polydisc is discussed briefly.
The paper concludes with some open questions.
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Given a uniform algebra A on a compact space X, and continuous func-

tions fx, ... , fi, on X, we will write A[fi , ... , f„] to denote the norm-closed
subalgebra of C(X) generated by A and the functions fx, ... , f„ . As usual,
zx, ... , zn will denote the complex coordinate functions on C" , and the dif-

ferential operators Dj and Dj will be defined by

Some of the material in this paper is from my doctoral dissertation [I], and
it is a pleasure to take this opportunity to thank my thesis advisor, Donald

Sarason, for his valuable guidance. I am also especially indebted to Barnet

Weinstock, who pointed out Theorem 2.5 and its proof, and to David Barrett,

whose assistance was crucial in working out Examples 2.6 and 2.7. Finally, I

would like to acknowledge my debt to Allen Shields, whose talk in the Functional

Analysis Colloquium at Berkeley on November 10, 1986 first interested me in

the problems considered here.

1. The ball

Before looking for conditions under which n functions generate C(B„)

when adjoined to the ball algebra A(Bn), it seems appropriate to consider the

question of whether C(Bn) can be generated from the ball algebra by adjoining

fewer than n functions. It is not surprising that the answer is negative.

1.1 Theorem. Suppose k and n are positive integers with k < n, and fi ,... ,

fik are continuous complex-valued functions on Bn . Then AiBn)[fi , ... , fk]^

C(B„).

Let 5 denote the unit sphere in C" and let A(S) denote the uniform alge-
bra on S consisting of the continuous functions on S that are restrictions of

elements of the ball algebra. Then the above theorem is clearly a consequence
of the following:

1.2 Theorem. Suppose k and n are as above, and fi, ... , fk are continuous

complex-valued functions on the unit sphere S in C" . Then A(S)[fi , ... , fk] /
C(S).

We will see in a moment that this theorem follows readily from a result

due to Andrew Browder [B]. If A is a unital commutative Banach algebra, a

subset E of A is said to be a set (or system) of generators for A if the smallest
unital closed subalgebra of A containing E is A itself, or equivalently, if the
polynomials in the elements of E form a dense subalgebra of A. A theorem of

Browder [B] relates the minimum number of elements in a set of generators for

a unital commutative Banach algebra to the Cech cohomology of the algebra's

maximal ideal space. We will need only the following corollary of this theorem
(also due to Browder [B]).

1.3 Corollary. // SN denotes the N-sphere (i.e., the set {x e RN+X : |jc| = 1}),
then C(SN) has no system of fewer than N + 1 generators.

To see that Theorem 1.2 follows from this result, note that since polynomials

in the n variables zx, ... , zn axe dense in A(S), the set {zx, ... , z„, fi , ... ,
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fk} is a system of n + k generators for A(S)[fi , ... , fk], while the preceding
result asserts that C(S) has no system of fewer than 2n generators.

Having shown_that at least n continuous functions must be adjoined to the

ball algebra A(Bn) to generate C(B„), we turn to the question of when n

continuous functions do indeed generate C(B„) when adjoined to A(B„). The

fact that at least n continuous functions are needed can be reformulated as

follows: If fx, ... , fi, axe continuous functions on Bn , a necessary condition

for the norm-closed algebra A(B„)[fx, ... , fi„] generated by A(B„) and the

functions fx, ... , f„ to be equal to C(B„), is that no one of the fi is in the

norm-closed algebra generated by A(Bn) and the other fi 's. This necessary

condition is obviously not sufficient even in the case n = 1. (For example,

take the single function fi to be zero on a nonempty proper open subset of
the disc.) However, the result mentioned at the beginning of the introduction

shows that in the case n = 1, the condition is sufficient if we assume that the
function being adjoined is harmonic on the open unit disc. One might expect

a similar statement to hold for n > 1. However, the following example shows

that this is not the case even if the functions adjoined to the ball algebra are

assumed to be complex conjugates of polynomials.

1.4 Example. Take n = 2 and consider A(B2)[zx, ~zxz2]. Each level set of

zi is a disc, and the restriction of any member of A(B2)[zx] to any one of these

discs is holomorphic. It follows that ~z{z2 $ A(B2)[zx]. On the other hand,

the restriction of any member of A(B2)[zxz2] to the disc {z2 = 0, \zx\ < 1}

is holomorphic, so ~zx $ A(B2)\zxz2]. Since ~zx and ~zx~z2 both vanish on the

disc {zx = 0, \z2\ < 1}, the restriction of each member of A(B2)[zx, z{z2]

to this disc is holomorphic. Thus A(B2)[zx, ~z{z2] ̂  C(B2). (For a similar

example with n > 2 consider A(Bn)[zx, ~z{z2, Z3, ... , ~zn].)

In view of the above example, it is natural to look for stronger independence

conditions to impose on the functions being adjoined to the ball algebra. The

next result will suggest such a condition.

1.5 Theorem. If fi,... , fi, are in A(B„) and for some index I, the function

fi is in the norm-closed algebra generated by A(B„) and the functions fi¡ for

j t¿ /, then the matrix (Dkfif) is noninvertible at every point of B„ .

Proof. Without loss of generality we take the case /„ e A(Bn)[fx, ... , f„-X].

Let w be an arbitrary but fixed point of B„ . We are to show that the matrix

iiDkfj)iw)) is not invertible. If the first n-1 rows of the matrix (iDkfi)iw))
are not independent, then there is nothing to show, so assume that they are

independent. Since n - 1 vectors cannot span an n-dimensional vector space,

one of the elements of the standard basis for C must lie outside the linear

span of the first n - 1 rows of the matrix ((Dkfj)(w)), and we may assume
without loss of generality that it is the vector (0,... ,0, 1). Then the matrix

/ Dxfi     ...     Dn_xfi       Dnfi  \

Dxfin-X     ■■■     Dn-xfin-X     Dnfn-X
V       0 ... 0 1        /

is invertible at w .
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By adding constants to the functions fi, ... , f„, we can assume without

loss of generality that they all vanish at w. Now define F : Bn —► C by

F(z) = (fi(z), ... , fin-x(z), zn - wn). Then F is a holomorphic map, and its

(complex) derivative is the linear map induced by the matrix above. Hence the
inverse function theorem (for holomorphic maps) shows that there are neigh-

borhoods IF of it; and W of F(w) (=0) such that F is a one-to-one map
of W onto W whose inverse F~x : W —► W is holomorphic. Now if A is

a sufficiently small disc about the origin in C, we can define a holomorphic
map y : A —► B„ by y(z) = F~x(0, ... , 0, z). Then each of the functions

fix ° y, ■ ■ ■ , fin-x ° y is the zero function, and hence so are their complex conju-

gates 7i ° y, ■ ■ ■ , fin-x ° y • Since f„ e A(Bn)[fx,... , J„_x], it follows that

/„ o y is holomorphic. Since f„ o y is obviously holomorphic, we conclude that

/„ o y is constant. Thus the derivative of the complex-valued function defined
on A by 2 h ((fi oy)(z), ... , (f„°y)(z)) is zero. Since the derivative of y is

obviously not zero at the origin, it follows from the chain rule that the matrix

((Dkfj)(w)) is not invertible.   D

Reexamination of Example 1.4 reveals that given functions fx, ... , fn in

the ball algebra, the condition that the matrix (Dkfi) be invertible at some

point of B„ is not sufficient to guarantee that A(B„)[fx, ... , /„] = C(B„).

In the example, the matrix in question is invertible at some points and not at
others. This suggests that we should require invertibility at every point of Bn .

We are thus led to the following question.

1.6 Question. If fi,... , f„ are in A(Bn) and the matrix (Dkfi) is invertible

at every point ofi B„ , is A(Bn)[fix, ... ,Jn] equal to C(Bn)1

This question is still open. In the special case where the functions fi, ... , fn

are C1 on Bn , the answer is affirmative. Explicitly:

1.7 Theorem. If fi, ... , f„ are in A(B„) andaré Cx on B„, and the matrix

(Dkfi) is invertible at every point of B„ , then AiBn)[fx, ... , fn] = C(B„).

This theorem will be jjroven below by investigating the maximal sets of

antisymmetry for A iBn)[fx, ... , f„]. (A subset E of B„ is a set of antisym-

metry for A(B„)[fx, ... , /„] if every function in A(B„)[fx, ... , fn] that is

real-valued on E is in fact constant on E.)

1.8 Lemma. // fi,... , fin are in A(B„) and the matrix (Dkfi) is invertible

at every point of Bn, then the functions fi, ... , fi» are constant on each set

of antisymmetry for A(Bn)[fx, ... , f„], and moreover each maximal set of

antisymmetry is either a single point or is a connected polynomially convex subset

ofiS.

Before proving Lemma 1.8, we establish a very easy sublemma.

1.9 Sublemma. Under the hypotheses of Lemma 1.8, // L is a level set of the

function z v-+ (fi(z), ... , f„(z)), then L is polynomially convex, and the in-

tersection ofi L with B„ is discrete.

Proof. By adding constants to the functions fi, ... , f„ , we can assume with-

out loss of generality that L is the common zero set Z(fx, ... , f„) of the
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function fi, ... , fin. Since each fi is the uniform limit of polynomials, the

set Z(fx, ... , fi„) is polynomially convex.

Since the matrix (Dkff) is assumed invertible at every point of B„, the

inverse function theorem shows that the map z ^> (fx(z), ... , f„(z)) is locally

one-to-one on Bn . Consequently, the intersection of Z(fi, ... , f„) with B„
is discrete.   G

Proof of Lemma 1.8. Since both fi and ft (j = I, ... , n) axe in the alge-

bra A(B„)[fx, ... , fn], the real and imaginary parts of fi are in the algebra

A(B„)[fx, ... , fn] and hence are constant on each set of antisymmetry for

A(B„)[fix, ... , fn]. This establishes the first assertion.

Now let E be a maximal set of antisymmetry for A(B„)[fx, ... , f„]. We
have just observed that each fi is constant on E, so E is contained in a com-

mon level set L of the functions fx, ... , f„ . By the sublemma, L is polynomi-

ally convex. Hence the polynomial convex hull Ê of E_is contained in L. We

now show that Ê is a set of antisymmetry for A(Bn)[fx,... , fn], and hence

Ê = E, so E is polynomially convex. So suppose g e A(Bn)[fx, ... , fn] is

real valued on Ê. Then, in particular, g is real valued on E, hence constant

on E. So without loss of generality g is zero on E. Since each / • is constant

on_F, we see that g can be approximated uniformly on Ê by elements of

A(B„), and hence by polynomials. Since the value of a polynomial p at any

point of Ê is bounded by the supremum of p over E, it follows that g van-

ishes on Ê. Thus Ê is a set of antisymmetry as asserted, so E is polynomially
convex.

Now assume, to get a contradiction, that E is not connected. Then there
exist disjoint nonempty relatively closed sets Fb and Ex whose union is E.

Since E is closed in C , so are Eq and Ex. Consequently, there are disjoint

open sets t/n and Ux of C" such that Fn C C/0 and Ex c Ux. Hence the

function h that is 0 on Fn and 1 on Ex extends to be holomorphic on the

neighborhood UoUU\ of E, and therefore, by the Oka-Weil approximation
theorem [G, Theorem IH.5.1] can be approximated uniformly on E by polyno-

mials. It follows that h is in A(Bn)[fix, ... , f„]\E which contradicts the fact

that F is a set of antisymmetry for A(Bn)[fix, ... , /„]. Therefore, E must
be connected.

Recalling that E is contained in the common level set L of fi, ... , f„,
and that the intersection of L with B„ is discrete by the sublemma, we see

that the connectedness of E implies that either E consists of a single point or
is contained in S.   G

If X is a compact subset of C" , we denote by P(X) the uniform algebra
of continuous functions on X that can be approximated uniformly by polyno-

mials in zi, ... , z„. Combining Lemma 1.8 with the Bishop antisymmetric
decomposition we obtain the following:

1.10 Corollary. Suppose fi,... , fin ore in A(B„) and the matrix (Dkf¡) is

invertible at every point of Bn. Let {Xa} be the decomposition of S into the

common level sets of the functions fi, ... , fn. Then A(B„)[fx, ... , fn] =

C(B„) if and only if P(Xa) = C(Xa) for each a.

Unfortunately it is generally very difficult to tell whether a compact set X
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in C" (n > 1) has the property that P(X) = C(X). However, the next

theorem shows that if the functions fx, ... , fin are C1 on Bn , then the sets

Xa in the above corollary are in fact interpolation sets for the ball algebra (i.e.,

A(Bn)\Xa = C(Xa)).

1.11 Theorem. If fx,... , fin are in A(Bn) and Cx on Bn, and the matrix

(Dkfj) is invertible at every point of B„, then each subset of S on which all the

fi are constant is an interpolation set for the ball algebra.

Proof. Let F be a subset of S on which all the fi axe constant. Then E

is contained in a level set L of the function F defined on B„ by F(z) =

(fi(z), ... , fi„(z)). The inverse function theorem shows that any point of L

where the complex Jacobian JF of F does not vanish is an isolated point of

L. Consequently, L is the union of a discrete set with a subset of the zero set

of JF . Hence the same is true of E. The function JF is easily seen to be in

A(Bn), and does not vanish on B„ (since invertibility of (Dkfi) is equivalent

to the nonvanishing of JF). It is a standard theorem [R, Theorem 10.1.2] that

a subset of <S is an interpolation set for the ball algebra if and only if it is the

zero set of some member of the ball algebra. Thus, in particular, the zero set

of JF is an interpolation set for the ball algebra. Since any discrete subset of

the ball is countable, and a one-point set is obviously an interpolation set, we
conclude that F is a countable union of interpolation sets for the ball algebra.

It follows [R, 10.1.5] that E is an interpolation set for the ball algebra.   G

The above proof goes through without substantial change if the hypothesis

that the functions fi ,... , fn be Cx on B„ is replaced by the seemingly weaker

hypothesis that the derivatives of the functions fi , ... , f„ be uniformly con-
tinuous on B„ . However, this observation does not lead to_a generalization,

for if Q is an open set in Rk with C1 boundary, and /: fi —> E is a con-

tinuous function with a uniformly continuous derivative on fi, then / has a
C1 extension to Rk . To see this, note that by a partition of unity argument,

it suffices to consider the special case where fi is the open upper half-space

{xk > 0} . To obtain the desired extension / in this case, assume without loss

of generality that fi is zero on {x^ = 0} and define /: Rk —> R by

f, ,_ j    f(xi, ... ,xk) ifx^>0,

/(*,,... .**J-\_/(jCl>... ,Xk_x,-Xk)   ifxfc<0.

Note that Theorem 1.7 is an immediate consequence of Theorem 1.11 and

Corollary 1.10. The next lemma will enable us to extend Theorem 1.7 to pluri-

harmonic functions by reducing to the case already considered.

1.12 Lemma. Iff is a real-valued function in C(B„) that is pluriharmonic on

Bn and Cx on B„, then there is a Cx real-valued function fi* on Bn such

that f+ifi* is in A(Bn).

Proof. It is well known that every real-valued pluriharmonic function on Bn is

the real part of some holomorphic function on Bn . Thus there is a function g

on B„ such that / + ig is holomorphic on Bn . In view of the remarks about

C1 functions made above, the Cauchy-Riemann equations show that g has a

C1 extension to B„ . Letting /* be that extension we obtain the lemma.     G
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1.13 Theorem. If fi,... , f„ in C(Bn) are pluriharmonic on B„ and Cx on

Bn, and the matrix (Dkfi) is invertible at every point of B„, then

A(Bn)[fi,... ,fn] = C(Bn).

Proof. Let u¡ and v¡ denote the real and imaginary parts of fi , respectively.

Let gj = (Uj + y*) + i(u* - vj). Then clearly gj = (uj + iu*) - i(Vj + ivj)

so gj is in A(B„). Moreover, the imaginary part of gj can be written as

-i(Uj + iu*) + i(Uj + ivj) and hence is clearly in A(B„)[fi , ... , f„]. Hence g~j

is in A(Bn)[fi , ... , fin]. In addition, it is clear that gj is C1 on B„ . Thus
the desired conclusion will follow from Theorem 1.7 as soon as we show that

the matrix (Dkgj) is invertible at every point of B„ . Now note that

Dkgj = Dk [(Uj + iu)) - i(Vj + iv*)]

= 2Dk(Uj - ivj)   (by the Cauchy-Riemann equations)

= 2Dk(Uj + ivj)

= 2Dkfi,

so the assumed invertibility of  (Dkfi)  implies the needed invertibility of

(Dkgj).   □

Recall from the introduction, that if / is in C(D) and is harmonic but not

holomorphic on D, then A(D)[fi] = C(D). Since the z-derivative of such a
function may have zeros, it follows that the condition in Theorem 1.13 that the

matrix (Dkfi) be invertible at every point of B„ is not a necessary condition,
at least when n = 1. It follows from the next result that the same is true when

n > 1 also.

1.14 Theorem. If fi, ... , fn are functions in C(Bn) such that each fi de-

pends only on z¡, and the functions fi, ... , fn are harmonic but not holomor-

phic on Bn, then A(Bn)[fi ,... , fin] = C(Bn).

Prqofi It is immediate from the result about the disc algebra recalled above that
A(B„)[fj] contains every function in C(B„) that depends only on z;. Thus

A(Bn)[fi , ... , fn] contains every function in C(Bn) that depends on only one

variable, and the desired conclusion follows by applying the Stone-Weierstrass
theorem.   G

2. Strictly pseudoconvex domains

This section is devoted to extending the results of § 1 to more general domains.

We first observe that Theorem 1.1 continues to hold if the ball is replaced by
an arbitrary open set in C" . Explicitly:

2.1 Theorem. Suppose that fi ¿s an open set in C", that k is a positive in-
teger strictly less than n, and that fix, ... , fk_are continuous complex-valued

functions on fi. Then A(Q.)[fi ,... ,fk]f C(fi).

Proof. Let w be a point in fi, and let B be an open ball centered at w

and contained in fi. Obviously it suffices to show that ^(fi)[/i, ... , fk]\B ^

C(B). Hence since it is clear that ^(fi)[/i, ... , fk]\B c A(B)[fi \B,... , fk\B]
the result follows immediately from Theorem 1.1.   G
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Obviously an argument rather similar to the one just given shows that Theo-

rem 1.5 continues to hold with the ball replaced by an arbitrary open set in

C".
The following theorem extends Theorem 1.7 to arbitrary strictly pseudocon-

vex domains with C2-boundary.

2.2 Theorem. Suppose fi is a strictly pseudoconvex domain in C" with C2-

boundary, fi, ... , fi„ are in A(ÍY) andaré Cx on fi, and the matrix (Dkff)

is invertible at every point of fi. Then A(Yl)[fx, ... , fn] = C(fi).

The proof of Theorem 1.7 given in § 1 does not carry over to this more general

situation without significant modification. This is because Sublemma 1.9 relies

on the polynomial convexity of the closed ball, and the closure of a strictly

pseudoconvex domain need not be polynomially convex. (An example of a

strictly pseudoconvex domain whose closure is not polynomially convex is given

at the end of this section.) The proof given below is actually more direct than the

proof of Theorem 1.7 given in §1. However, this more direct approach does not

yield Corollary 1.10. Since that result may lead to the answer to Question 1.6,

the extra work done in § 1 seems justified.

Proof of Theorem 2.2. By the Bishop antisymmetric decomposition it suffices

to show that each maximal set of antisymmetry for A(Yl)[fx,... , fn] is an

interpolation set for A(Yl)[fx, ... , f„]. So let F be a maximal set of anti-

symmetry for A(Yl)[fx, ... , fin]. Then E is closed in fi. Since the real and

imaginary parts of each fi are in A(Q)[fx, ... , fn], each fi must be con-
stant on E. Hence the inverse function theorem shows that every point of F

where the determinant of (Dkfi) does not vanish is an isolated point of F. In

particular, the intersection of E with fi is discrete. Hence either F is finite,
or E intersects dfi. If F is finite, then obviously E is an interpolation set.

So assume from now on that E intersects 9fi.

Since every point of F where the determinant of the matrix (Dkfij) does
not vanish is an isolated point of E, we see that F n <3fi is the union of a

discrete set with a subset of the zero set of the function detiDkfi). Since the

function detiDkfj) is easily seen to be in A(Yl), and does not vanish on fi, its

zero set is an interpolation set for ,4(fi) (by Theorem 1.1 in [Weil]). It follows

that F n 9fi is a countable union of interpolation sets for A(Yi). Applying

Theorem 1.1 in [Weil] again, we conclude that F n 9fi is an interpolation set

for ^4(fi), or equivalently that it is the zero set of some function in A(Yl). Now

it suffices to show that E n fi is empty.
Assume to get a contradiction that E n fi is nonempty. Since F n fi is

discrete, it is countable, so denote the points of F n fi by ax, a2,... . We
will show that the function that is 1 at ax and 0 on (F n 9fi) U {a2, c*3, ...} is

in A(Yl)[fx, ... , fn]\E, a contradiction since F is a set of antisymmetry for

A(U)(fx,... jn].
Choose a function / in A(Q) with E n dfi as its zero set, and assume

without loss of generality that f(ax) = 1. Note that if ax is the only point in

E n fi, then the function / yields the desired contradiction at once, so assume

F n fi consists of more than one point. Then since the otj can accumulate only

on E n dfi, we have that |/(a,)| < \ for all but finitely many a;. (Of course
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if there are only finitely many a7, then this is vacuously true.) Choose k such

that |/(ay)| < 3 for all j > k. (If there are only finitely many a,, just set

k equal to the number of a¡.) Since for each j ^ 1 the points ax and a¡

differ in some coordinate, we can let m¡ denote some coordinate in which they
differ. Let

_     zm - zm(a2) zm} - zmj(af) zmk - zmk(ak)

Zm2(ax) - zm2ia2)    zmj(ax) - zmi(af)      zmk(ax) - zmk(ak)

and let C be the supremum of \g\ over fi. Now fix e > 0, and choose a

positive integer ;V large enough that 1/2^ < e/C. Let F = g • fN. Then

F is in A(U), F(ax) = 1, and \F\ <e on (F n dQ) U {a2, a3, ...} . Since
e > 0 was arbitrary, it follows that the function that is 1 at ai and 0 on

(F n dfi) U {a2, a3,...} is in A(H)[fx, ... , fn]\E. We have arrived at the
desired contradiction and the proof is complete.   G

It is well known that every real-valued pluriharmonic function on a simply

connected domain is the real part of some holomorphic function on the domain.

Thus in the special case when fi is simply connected, Theorem 2.2 can be
extended to pluriharmonic functions in the same way that Theorem 1.13 was
obtained from Theorem 1.7. Explicitly we obtain the following result.

2.3 Theorem. Suppose fi is a simply connected strictly pseudoconvex domain

in C" with C2-boundary, fi, ... , f„ in C(fi) are pluriharmonic on fi and

Cx  on fi, and the matrix (Dkfi)  is invertible at every point of fi.   Then

A(Q)[fi,... ,/„] = C(fi).

There is another approach which yields the conclusion of Theorem 2.3 under

somewhat different hypotheses. This approach depends on the following lemma

which is a special case of a result of Cirka [C].

2.4 Lemma. Suppose fi is a bounded open set in C" with polynomially_convex

closure and fi, ... , fm in C(fi) are pluriharmonic on fi and C2 on fi. Then

the set {(z, fi (z),... , fm(z)) : z e fi} is polynomially convex in Cn+m.

As mentioned in the introduction, the following theorem and its proof were

pointed out to me by Barnet Weinstock.

2.5 Theorem. Suppose fi is a strictly pseudoconvex domain in Cn with

C2-boundary and polynomially convex closure. Suppose also that fi , ... , f„

in C(fi) are pluriharmonic on fi and C2 on fi, and the matrix (Dkfi) is

invertible at every point of fi. Then A(Q)[fi , ... , fi„] = C(fi).

Note that the hypotheses on fi are somewhat different from those in Theo-

rem 2.3, and that the differentiablity condition on the functions fi, ... , f„ is
slightly more stringent than that in Theorem 2.3.

Proof. Let Y = {(z, fi(z), ... ,/„(z)):zefi} and let E = {z eQ: (Dkfi)
is noninvertible at z} . By Lemma 2.4, Y is polynomially convex. Every func-

tion in A(Yl) can be approximated uniformly by functions holomorphic on

a neighborhood of fi [R-S, Theorem 5.10], and hence (in view of the Oka-
Weil approximation theorem) by polynomials in the n variables Zi,... , zn .

Now by a theorem of Weinstock [Wei2], the algebra v4(fi)[/i, ... , fin] con-

sists of those continuous functions on fi that agree with some element of
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A(Yl)[fi , ... , fn] on F. Thus it suffices to show that F is an interpolation

set for A(U).
It follows from the hypotheses on the functions fi , ... , f„ that the complex

conjugate of the function det(Dkfj) is in A(Q). Thus E is a zero-set for A(Yl)

and hence (by Theorem 1.1 in [Weil]) an interpolation set for A(Yl).   G

The hypotheses on fi in Theorems 2.3 and 2.5 are incomparable, i.e., neither

set of hypotheses implies the other. We conclude this section by giving examples

that illustrate this.

2.6 Example. A strictly pseudoconvex domain with smooth boundary and poly-

nomially convex closure need not be simply connected.

Define p : C2 -» C by

p = (zxz2 - l)(zxz2 - I) + (Rezi - Rez2)2 + (Imzi +Imz2)2.

Then routine computations show that (Dxp, D2p) vanishes only on the circle
{ p = 0} and at the origin, and that the complex Hessian of p is strictly
positive definite everywhere so p is strictly plurisubharmonic. Therefore, the
set { p < r } is strictly pseudoconvex with smooth boundary for 0 < r < 1. Let

K = {p < r} (= {p <r}). Since p is strictly plurisubharmonic, it is obvious

that the plurisubharmonic convex hull K£2 of K in C2 is just K. Hence K

is polynomially convex (since K = K^ by Theorem 4.3.4 in [H]). To see that

{ p < r } is not simply connected, note that the circle { ie'e, e~'e) : 0 < 6 < 2n }

lies in { p < r } but is not null homotopic there, since { p < r } is contained in

{(z,,z2)eC2:z1^0}.

2.7 Example. A simply connected strictly pseudoconvex domain with smooth

boundary need not have polynomially convex closure.

Let n be a smooth real-valued function on the plane such that

suppnc{|z|2<i},    sup|n|<l,    n(0) = 0,

and

Let Xj and v7 denote respectively the real and imaginary parts of the complex

coordinate function z;, and define functions fi, ... , fin : C3 —>• R by

fix = x\ + y\ + x\ + x\ - 1,    /2 = ^2,

fi=y3,    fia, = h(xi + iyx) - x2 - Xi.

Finally, let p = fi2+f22+ff'+fi? ■ We will show that for r > 0 sufficiently small,
the set {p < r} in C3 is a simply connected strictly pseudoconvex domain with

smooth boundary whose closure is not polynomially convex.

First note that 0 is a regular value of the map (fi, ... , /4) : C3(= R6) -► R4 .
(To see this, compute the Jacobian matrix and observe that it has maximal rank

whenever x2 / x3 and also whenever xx+yx > \ . Then show that no point in

the preimage of 0 can simultaneously satisfy both x2 = x?, and x2 + yx < \ .)
It follows that gxadp ¿ 0 on the set {0 < p < e} for e small enough, and

hence the set {p < r} has smooth boundary for r small.  Moreover, it also
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follows that for r small, {p < r} is homeomorphic to {p = 0} x B , where B

is an open ball in E4 . The reader can verify that {p = 0} is homeomorphic to

the two-sphere S2 . Hence for r small, {p < r} is homeomorphic to S2 x B,

and thus is simply connected.
The closure of {p < r}, i.e., the set {p < r}, is not polynomially convex

when r < 1, because then the circle {\zx\ = 1, z2 = z3 = 0} is contained in

{p < r} but the point (0,0,0) is not.
All that remains to be shown is that {p < r} is strictly pseudoconvex for r

small. Thus it suffices to show that the matrix (D¡Dk p) is positive definite on
{p = 0} (since the matrix will then be positive definite on a neighborhood of

{p = 0}). It is easily verified that on {p = 0} we have

DfDk p = 2[(D,fx)(Dkfi) + ■■■ + (D,f4)iDkf4)]

= 2(D,fi ,... , D,fi) ■ iDkfi ,... , Dkf4).

Routine computation shows that on {p = 0} the vectors (Dxfi, • • • , Dxff),

iD2fi , ... , D2f4), and (D3fx, ... , ¿h/4) are linearly independent in C4 .
Now observe that when the matrix for the restriction of the ordinary Hermitian

dot product on C4 to

span{(Dxfi ,... , Dxf4), iD2fi ,... , D2f4), (D^fi, ... , D3/4)}

is written with respect to the basis {(F>i/i, ... ,Dxfif), iD2fx, ... , D2fi),
(F>3/i, ... , D-iff)} , the resulting matrix is, by (*), simply \(D¡Dk p). Hence

we conclude that the matrix iD¡Dk p) is positive definite on {p = 0} , as de-

sired.

3. The polydisc

Theorem 2.1 shows that C(Dn) cannot be generated from the polydisc alge-

bra AiD") by adjoining fewer than n functions. However, since the polydisc is
not strictly pseudoconvex, most of the results of §2 do not apply to the polydisc.

In fact, the following example shows that Theorem 2.2 fails for the polydisc,

even if the functions fi, ... , f„ axe required to be polynomials.

3.1 Example. Take n = 2 and let fi = (zj - l)2 and fi = z2izx - 1). Then

the matrix iDkf¡) is

(2(zx-l)       0    \

\      z2 zx - 1 )

which is invertible on Dn . However, since Jx and fi2 both vanish on the

set {zx = 1}, every function in A(Dn)[fx, f2] is holomorphic on the disc

{zx = I, \z2\ < 1} . Thus A(D")[fx, f2] ¿ C(D").

However, not all is lost. Although we can see from the above example that

Theorem 1.11 fails if we replace B„ by D" and S by dD", using theorems

from §21 of [S], the proof of Theorem 1.11 can be adapted to yield the following

weaker analogue of Theorem 1.11.
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3.2 Theorem. If fi, ... , fin are in_A(Dn) and Cx on D", and the matrix

(Dkfi) is invertible at every point of Dn not on the torus T" = {(zx, ... , z„) e

C : \zj\ = I for 1 < j < n}, then each subset of T" on which all the fi are
constant is an interpolation set for the polydisc algebra.

The following analogues of Theorems 1.7 and 1.13 can also be obtained by

making minor modifications to the material in § 1.

3.3 Theorem. If fi, ... , f„ satisfy the hypotheses of Theorem 3.2, then

A(D»)[fx,... ,fn] = C(D").

3.4 Theorem. // fi,... , fn in C(F>") are pluriharmonic on Dn and C1

on_Dn, and the matrix_ipkfif) is invertible at every point of Dn\Tn, then

AiD»)[fi,... ,fn] = dD").

Finally, note that the proof of Theorem 1.14 remains valid when the ball is

replaced by the polydisc.

4. Open questions

4.1. Does Theorem 1.7 continue to hold if the hypothesis that the functions

fi, ... , fin axe C1 on B~n is dropped? (This is a restatement of Question 1.6.)

A similar question could also be asked with Theorem 1.13, 2.2, 2.3, or 2.5 in

place of Theorem 1.7.

4.2. If fi,... , fin satisfy the conditions in Question 1.6, and X is the subset of

S where fix, ... , fin all vanish, does P(X) = C(X) ? In view of Corollary 1.10,
this question is equivalent to the above question about Theorem 1.7.

4.3. With fix,... , fin and X as in the preceding question, is X an inter-

polation set for the ball algebra? (In other words, can the hypothesis that the

functions fi , ... , fi, axe Cx on Bn be dropped from Theorem 1.11?) An af-
firmative answer would of course yield affirmative answers to the two questions
above.

4.4. Can Theorems 2.3 and 2.5 be united in some way? More specifically, can
the hypothesis that fi is simply connected be dropped from Theorem 2.3, or

can the hypothesis that fi has polynomially convex closure be dropped from

Theorem 2.5?

Note added in proof. The author has obtained an affirmative answer to Question

4.4.

4.5. The question of whether the results of this paper can be extended to the

case of m functions of n variables with m > n_was suggested to me by Warren

Wogan. In particular, if fix,... , fim are in A(B„) (with m > n) and are C1

on B„, and the matrix (Dkfi) is of maximal rank at every point of B„, is

A(B„)[fx,... ,fim] equal to C(B„)1
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